Abstract We treat a quantum walk (QW) on the line whose quantum coin at each vertex tends to be the identity as the distance goes to infinity. We obtain a limit theorem that this QW exhibits localization with not an exponential but a "power-law" decay around the origin and a "strongly" ballistic spreading called bottom localization in this paper. This limit theorem implies the weak convergence with linear scaling whose density has two delta measures at x = 0 (the origin) and x = 1 (the bottom) without continuous parts.
Introduction
Quantum walks (QWs) are considered as quantum counterparts of random walks [1] . Primitive forms of QWs on lines have already appeared as discrete time and space analogue of a relativistic motion of a free particle known as the Feynman checkerboard [2] , and a toy model to construct the quantum probability theory discussed in [3] . The QWs on the line treated in our paper are denoted by a complex-valued sequence (γ j ) j∈Z (0 ≤ |γ j | ≤ 1). The square absolute value of each parameter γ j assigned at each vertex j, |γ j | 2 , corresponds to a reflection strength at each vertex. For an extreme case, |γ j | = 0 for all j, the walk has no reflection. Thus in this case, the scaled distance from the origin weakly converges as follows:
where ⇒ means weak convergence. The generating function is one of the effective tools to get stochastic behaviors of QWs with |γ j | < 1, for example, localization and weak convergence [5, 6, 7, 8] . The two functions g (±) j : C → C (j ∈ Z) determined by the following continued .
(1.1)
Indeed, for spatial homogeneous case, i.e., its coin parameters are γ j = γ, the generating function plays an important role to show that the walks belong to a universality class of QWs [6, 7, 8] , that is, X n /n ⇒ cδ 0 (x) + (1 − c)r(x)f K (x; ρ), (n → ∞)
where f K (x; ρ) has anti-bell shape with the finite support |x| ∈ [0, ρ) (ρ = 1 − |γ| 2 ), and c ∈ [0, 1) reflects a localization property, and the rational polynomial r(x) depends on the setting of the walk, for example, the initial state [6, 11] , boundary condition [7, 9] , and spatial one defect [8] . Here, f K (x; ρ) was first introduced by [11, 12] (2002)
2)
It has been a quite interesting problem to get a limit theorem corresponding to the above weak convergences in the case of varied coin parameters in a whole vertices on the line [13, 14, 15] . Recently, it was shown that QWs on the line are described by the CMV matrix [18] . The CMV matrix is a minimal representation of recurrence relations between the orthogonal polynomials of a measure µ on the unit circle determined by the Schur parameter (γ 0 , γ 1 , . . . ) [16, 17] . There is a nice review on the relationship between QWs and the CMV matrix [4] . A well developed theory of the spectral analysis of the CMV matrix [19] advantages the analysis of QWs, especially, its spectrum. Indeed, for a sequence of homogeneous Schur parameter γ j = γ (0 < |γ| < 1), the spectral measure is described by
where w(e iθ ) is an absolutely continuous part which has a finite support {θ ∈ [0, 2π); | cos θ| ≤ ρ}, and c j > 0 is a mass at e iθ j . For the extreme cases, |γ| = 0 implies dµ becomes the uniform measure on [0, 2π). The existence of the mass point gives localization property of the QW [10] . On the other hand, the absolutely continuous part is related to a ballistic transport, in fact, the real part of the support for the spectral measure, ρ, reflects the stochastic property in the weak limit measure of the QW, that is, the walk frequency exists between |x| ≤ ρn. The Schur function f : C → C has an important role to describe the spectral measure. The Schur function is obtained by the following continuum fractional expression known as the Schur algorithm: treated here has position dependent coin parameters which tends to zero as the distance from the origin goes to infinity. More concretely, the coin parameters are γ j = 1/(r + j) for j ∈ {0, 1, . . . } with r > 1. Our results on the QWs treated here suggest that this relationship can be a key to get detailed stochastic behaviors of QWs from its spectral analysis. On the other hand, Refs. [21] and [22] focus on an inclusive relationship between the recurrence properties proposed by [20, 21] and its spectrum. We obtain an explicit expression for the limit distribution outside the universality class. For our best knowledge, this is the first result on an explicit expression for the limit distribution of a position dependent QW over the whole vertices: we show co-existence of localization with power-law decay around the origin and a strongly ballistic transport. (See Theorems 3 and 4.) This paper is organized as follows. In Sect. 2, we give the definitions of the QWs on the line and present its generating functions in a general setting. Connections between the CMV matrix and the QWs are devoted in Sect. 3. Using this relationship obtained by Sect. 3, we compute limit theorems concretely for a spatial dependent QW with the coin parameter γ j = 1/(r + j) in Sect. 4. Finally, we give a summary and discussion in Sect 5.
Generating function of quantum walks
From now on, we consider the three types of QWs; (i) first kind of QW on infinite half line (H-QW(1)), (ii) second kind of QW on half infinite line (H-QW (2)), and (iii) QW on doubly infinite line (D-QW). The detailed definitions are in the following: Definition 1. We assign two dimensional unitary matrices {H j } j∈Z at each vertex of Z. Put the two Hilbert spaces considering here as H + = span{δ j,L , δ j,R ; j ∈ Z + } and H = span{δ j,L , δ j,R ; j ∈ Z}. The walks start with the initial state αδ 0,L + βδ 0,R where α, β ∈ C with |α| 2 + |β| 2 = 1.
( 
We should remark that the subspace of H + , span{{δ 0,L }∪{δ j,L , δ j,R ; j ≥ 1}}, is invariant under the action of the time evolution of H-QW (2) 
The matrix representations for the time evolutions of H-QW(1), H-QW(2) and D-QW are expressed by E 1 , E 2 , and E D , respectively as follows:
where the orders of the basis in the above matrices for H-QW(1), H-QW(2) and D-QW are
respectively. The following lemma obtained by [4, 10] is useful to simplify our model.
Lemma 1.
Put the quantum coin assigned at position j described by complex valued parameter γ j with |γ j | < 1 as
where ρ j = 1 − |γ j | 2 , and we put 
So we get a one-to-one correspondence between each QW and pair of the diagonal matrix D and the parameters (γ j ) j . From now on, we concentrate on the walks with the time evolution U (γ) for simplicity. We call (γ j ) j coin parameter.
We put Ξ n (j) = 0 for negative j in the cases of H-QW (1) and (2). Define
We call Ξ n weight of passages with length n in the following sense: from a simple observation, we obtain the following recursion equations : for H-QW(II) and D-QW,
and for H-QW(I)
For z ∈ C with |z| ≤ 1, we denote a generating function with respect to time n as
Here to express the generating function, we define g
j (z) in the following continued-fraction representation: for j ∈ Z,
j (z)) "positive (resp. negative) j-th g-function" , respectively. We should note that for j ≥ 0, g (+) j (z) only depends on at most parameters (γ 1 , γ 2 , . . . ) and also g (+) j (z) only depends on at most parameters (γ −1 , γ −2 , . . . ). To emphasize its dependences, we sometimes denote g
n (j)) as the weight of all passages which start from j and return to the same position j at time n avoiding {i ∈ Z : i < j} (resp. {i ∈ Z : i > j}) throughout the time interval 0 < s < n, respectively. Indeed, the generating function
n can be expressed by using g (+)
j (z) and g (−)
j (z) as follows:
Then we give an expression for the generating function using { g
j (z)} j∈N in the following lemma. We put ρ −1 = 0 for H-QW(1) and H-QW(2) cases.
Lemma 2.
(1) If j = 0, then
: H-QW(2),
22)
where λ
Proof. As consequences of the D-QW case, we obtain the H-QWs (1) and (2) cases as follows:
We omit the proof of the D-QW because we can see the detailed proof in [8] .
(1) H-QW(1) case: Put Ξ j,D (z) as the generating function at position j whose coin parameters are γ 2j = α j , γ 2j−1 = 0, (j = 0), = −1, (j = 0) for j ∈ Z. We put its g-functions as { g
On the other hand, Ξ j,H(1) (z) as the generating function at position j whose coin parameters are γ j = α j for j ∈ Z + . We put its g-functions as { g (+)
j,H(1) (z)} j and { g (−)
j,H(1) (z)} j . From the definition of H-QW(1), we have Combining Lemma 2 with the spatial Fourier analysis, we obtain the following weak limit theorems for H-QW(1) [9] , H-QW(2) [7] , and D-QW [11] with homogeneous coin parameter γ j = γ ∈ C with 0 < |γ| < 1.
Theorem 1 ([7]
, [9] , [11] 
: H-QW(1)
Here ρ = 1 − |γ| 2 , and
The RHS of the first term in Eq. (2.25) provides localization (see Theorem. 2), and the second term provides the ballistic transport. The shape of the weight function w(x) in Eq. (2.27) depends on the boundary condition and initial state. On the other hand, we see f K (s; ρ) commonly for each case. In these cases, the f K (x; ρ) defined in Eq. (1.2) appears as the Jacobian for the change of the variables x = ∂θ(k)/∂k, i.e.,
where θ(k) is the argument of the singular point for the Fourier transform of the generating function. See Refs. [8, 9] , for example, for more detailed computations aroud here.
Relation between spectral analysis of CMV matrix and generating function
Let L 2 µ be the Hilbert space of µ-square integrable functions whose inner product is
Let U be a unitary time evolution on H. We consider a complete orthogonal basis system of L 2 µ from the order-set {1, z −1 , z, z −2 , z 2 , . . . }. Put {χ j } j as the orthogonal basis system. Then χ 0 (z) = 1,
Thus we obtain the following integral representation:
In general, there exists a complex-valued sequence called Schur parameter (γ 0 , γ 1 , . . . ) with |γ j | < 1 which denotes five recursion relation between {χ m } m , that is, (C) l,m = (χ l , zχ m ) µ :
, where ρ j = 1 − |γ j | 2 . C is called the CMV matrix. Conversely, if we get (γ 0 , γ 1 , . . . ), the measure on the unit circle is uniquely determined. In fact, the following procedure is a standard method to get the measure from the Schur parameter. Let f (z) be the Schur function with the Schur parameter (γ 0 , γ 1 , . . . ). The Schur function is obtained by the following continuum fractional expression known as Schur algorithm:
To emphasize the dependence of γ j 's, we express f j as f
. The Caratheodory function of the Schur parameter (γ 0 , γ 1 , · · · ) are defined by
An equivalent expression for F (z) is
The measure dµ is decomposed into dµ(e iθ ) = w(e iθ ) dθ 2π
+ dµ s (e iθ ), where w(e iθ ) is absolutely continuous part called weight, and µ s is singular part. The weight can be obtained by
Re(F (re iθ )) (3.33)
The singular points are concentrated on {e iθ : lim r↑1 Re(F (r(e iθ ))) = ∞}, moreover the mass points are given by
Now we present an expression of the CMV matrix by using second kind of QW. Let
Then we obtain a relation between QW and the CMV matrix: Proposition 1. Let U be the time evolution of second kind of QW on half line.
Proof. The CMV matrix C is decomposed into C = LM, where
We interpret M as M : H e → H o by relabeling raws and columns of M as 
. . , respectively, we obtain L = U| Ho . So we complete the proof.
The existence of mass points, i.e., "eigenvalues" in the spectrum of the corresponding CMV matrix ensures the localization of QWs. In fact, the limit measure of the localization is obtained by the orthogonal projection onto the eigenspaces of the initial state. We give the following theorem with respect to localization for a space homogeneous case whose parameters are γ j = γ.
Theorem 2 ([10]). The walks start at the origin with the initial coin state T [α, β] (for H-QW(1)) and
T [1, 0] (for H-QW (2)), respectively.
where
We should remark that the summation over the positions is strictly smaller than one. The missing value is characterized by Theorem. 1.
In the following, we propose a useful connection between spectral analysis of the CMV matrix and generating function of QWs. The derivation of the above lemma is due to just a simple comparing between Eqs. (2.17) and (3.31).
In the next section, we show an example that the connection works well to get a stochastic behaviors of a QW whose quantum coin at each vertex tends to be transparent as the distance goes to infinity.
Stochastic behaviors of spatial dependent quantum walks
Now in this section, we consider H-QW(I) with coin parameter
For each time n ∈ N, define a map µ n :
where Π j is orthogonal projection onto subspace spanned by δ j,L and δ j,R , and ϕ 0 = T [α, β]. From the unitarity of the time evolution, j≥0 µ n (j) = 1. So we call µ n distribution of QW at time n. We also define a dual distribution of µ n as µ n (j) ≡ µ n (n − j). In this section, our interest focuses on the sequence of distributions (µ n ) n∈N and ( µ n ) n∈N . Put for each time n, a random variable X n following µ n , that is, P (X n = j) = µ n (j). To get its generating function, first of all, we consider its spectrum as follows. The Schur function for the Schur parameter (γ 0 , γ 1 , . . . ) is known as (see for example [4] )
On the other hand, combining Lemma 3 with Eq. (4.40) implies
Equations (3.32) and (4.40) imply
Then from Eqs. (3.33), (3.34) and (4.42), the spectral measure is
Note that the coin parameter γ = 0 means that its quantum coin is the identity, that is, perfect transmission. In our model, since γ j → 0 (j → ∞), quantum coin assigned at each vertex tends to the identity as the distance from the origin increases. The full unit circle θ ∈ [0, 2π) of the support for absolutely continuous part of RHS in Eq. (4.43) reflects its argument, since the support of the measure for the QW with coin parameter (0, 0, . . . ) is also on the full unit circle θ ∈ [0, 2π). Therefore, at the first glance, it seems that the walker gets farther and farther away from the origin. Nevertheless, the measure has also mass point at θ = 0. This fact predicts the opposite property, that is, "localization" at the origin as we have already seen other QW models, for example [4, 10] . So what happens to this walk?
The following theorem gives its answer. 
where Moreover c 0 + c 1 = 1, with c 0 = j≥0 lim n→∞ µ n (j), c 1 = j≥0 lim n→∞ µ n (j).
The contribution of the mass point in Eq. (4.43) is localization of the QW around the origin with not exponential but power-law decay. On the other hand, the absolutely continuous part in Eq. (4.43) gives a "strongly" ballistic behavior of the QW, in that, as n → ∞,
Moreover µ ∞ (j) is exponential decay, like usual localization however around bottom. We call "bottom localization" to this kind of ballistic transport. Appropriate choice of initial coin state gives opposite properties in this walk, i.e., localizations at the origin and bottom simultaneously.
By the way, let us consider the assertion of Eq. (4.45) in j = 0 and j = 1 cases. We can compute directly the weights of two kinds of paths, "right → right → right → · · · right" and "stay → right → right → · · · right", which corresponds to j = 0 and j = 1 cases, respectively. From Eq. (2.16),
Thus Remark 1. Equation (4.45) in cases j = 0 and j = 1 yields that the two infinite paths itself are "localized" in the above sense.
To prove Theorem 3, we prepare the following key lemma with respect to the weight of passage Ξ j (n) in a closed form. We give its proof in the last part of this section. 
where 
and lim n→∞ B j (n) = lim n→∞ L n−j (n) = 0.
Here Therefore lim n→∞ 1 n log P (1 − X n /n > ǫ) = ǫ log τ 2 .
Finally, we give the proof of Lemma 4.
Proof of Lemma 4.
At first, we decompose Ξ n−j (n) as Ξ n−j (n) = Π L Ξ n−j (n)+Π R Ξ n−j (n), where Π J is projection onto basis δ J (J ∈ {L, R}). For small δ < 1,
So we have Π L Ξ n−j (n) = 1 2πi |z|=δ λ We complete the proof.
Summary and Discussion
We considered a connection between the Schur function which gives the spectrum of the CMV matrix and a generating function of QWs (Lemma 3). We presented an application of this relationship to analysis of stochastic behavior of QWs (Section 4). In the H-QW(1) with parameters defined by Eq. (4.39), we showed that opposite properties happen simultaneously, that is, localization with a power-law decay around the origin and an "extreme" ballistic spreading called bottom localization. Finally, we discuss the second kind of QW on the half line corresponding to the first kind of QW discussed in Sect. 4 . As we will see below, the non existence of just one self loop at the origin has large effect on a behavior of the bottom localization. Indeed, from a similar fashion of Sect. 4, applying Lemmas 2 and 3 to H-QW(2), we have the following limit theorem corresponding to Theorem 3. Therefore, the contribution of the bottom localization for H-QW (2) is just nothing but the weight of "right → right → · · · " path itself. We leave the doubly infinite case to the readers applying Lemmas 2 and 3.
